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MATEMATHUYHE MOJIEJIOBAHHS PYXY T'PVYII JIKOJIEN ITPA
EBAKYAIIIi 3 BYIIBEJb

3aoaui posxpor ma ynaxysanns (C&PProblems) akmuero 00cnioxncylomvcsi HAYKOBOK CHIIbHOMOIO
npomszom ocmanuix pokis. Taxuil inmepec NOACHIOEMbCA K BENUKOIO IX CKAAOHICMIO 3 MEOPemUudHOi MmouKu
30pY, MAK | WUPOKUM CHEKMPOM iX 3ACMOCYBAHHA NPU PO36 A3AHHI AKMYATbHUX NPAKMUYHUX 3A0ad, HANPUKIAO,
6 inghopmamuyi, nocicmuyi, MOOenOBAHHI BUPOOHUYUX NpoOYecis, 3abe3neuenti be3neynoi HCUMmmeOisIbHOCMI
HaceNleHHsa ma iH.

OOHum i3 HAUBANCIUBIUWUX NUMAHL 8  3d0e3nedenHi Oe3neuHoi HUMmMEOIANbHOCI HACeNeHHA €
c8o€uacHa  esakyayis J0oell, WO ONUHUAUCA 6 Hebe3neuHiti Ona ocummsa cumyayii. /[na nposedenHs
OnepamusHO-Mmakmuynux Ol no eseaxyayii i NOpAmMyHKy niodell 3 0y0igenb CMEOPIIMbCA NOHCEHCHO-
PAMYBANbHI NIOPO30inU, 5KI, 5K NPASUL0, QOPMYIOMbCs 32i0H0 MUNY HAO36UYANUHOI cumyayii, KA 6UHUKAE 8
6y0disni, mobmo 32i0Ho ix npogecitinoi cnpsimosanocmi. Ha 00nomozy noxceicHo-pamyeanbHum niopo3oiiam 6
O0aHUll 4ac npuxo0sams NPOSPaAMHI KOMUIEKCU NO Keposaniil esakyayii 3 6y0ieens, 20J106HUM KOMNOHEHMOM AKUX
€ Npocpamu MOOeNOBAHH PYXY MOOCbKO20 NOMOKY, SIKI 8 KOJCHUL (DIKCOBAHUL MOMEHM Yacy SGIsiomb
KOHGhi2ypayiio posmiweHus 1ooell.

Ha npakxmuyi uacmo sunukae 3adawa mMooeno8anHs pyxy aooeil epynamu, nPuKiaoamu aKux MOoxcyms
cayeyeamu uieHu cim’i abo pamysanbHUKU 00H020 RIOPO30LNY, KL pyXawmscs 3 anmasicem. Tomy akmyanbHow
3a0auer0 € MOOENOBAHHA PYXy 2pyn aroel 3 YPAaXy8aHHAM MAKCUMATAbHO-OONYCIMUMUX BI0CMAHEU MidiC
YleHaMu epyn, I munu, aKi e8aKyrmscs 3 AHMANCEM.

Y pobomi 3anpononoeana modenv mina mOOUHU 3 BAHMAdICEM, SKA NPeoCcmasise CcoOor
0BOKOMNOHEHMHUL CKAAOHULL 00 €Km, 5K 00 €OHAHHA eninca ma NPAMOKYMHUKA, MIdHC KOMNOHEHMAMU K020
3A0aHi  MAKCUMATbHO-00NYCIMUMI  8IOCTAHL. Bpaxyeanus maxcumanvno-oonycmumux eiocmamneii  Mixc
00’ ckmamu  00360/15€ 06 ’€onyeamu ix 6 nioepynu, a 3a0aHi MAKCUMAAbHI SIOCMAHI MIdC NIOSpynamu
0o3goaa10mb 00 ’conysamu ix 6 epynu. DPopmanizosaui nepeniveni 0OMedNCeHHs HA B83AEMOOi0 00 ’€kmis,
no6y008aHa MamemamuyHa Mooeib akmyanbHoi 3a0ayi MOOen08anHs pyxy 1odel 3 po3oummsm ix na epynu.
s aHanimuyHo20 ONUCY YMO8 HenepemuHaHnHs 06 '€kmie Moou@ikosano Keasi-phi-gyukyii criadenux
00 ’exmis, SIKi € 0CHOB010 ANCOPUMMIB MOOENI0BANHHS THOUBIOYANbHO-NOMOUHO20 PYXY TH00eLl.

Knrouoei cnoga: modentoganns pyxy, nomixk aooeti, MOOeb 20pU3OHMANbHOI NpoeKyii mina aroOuHu,
Keasi-phi-ghynkyis, cocmaegni 00 ’exmu.
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MATEMATHYECKOE MOJAEJIMPOBAHUE IBHKEHUA I'PYII JIOJEN
ITPH DBAKYALIUH U3 3JAHUU

3adauu packpos u ynaxosku (C & P Problems) axmueHo ucciedyromcs HayuyHulM cO0OWecmeom Ha
npomsidicenuu nociednux aem. Taxoil unmepec 06bACHIEMC S KAK OOTLULOU UX CLONCHOCbIO C TEOPEMUIecKoll
MOYKU 3PeHUst, MAK U WUPOKUM CREKMPOM UX NPUMEHEHUs. NPU peuleHUU aKmyaibHblX NPAKMUYecKux 3a0ad,
Hanpumep, 6 UHGOpMAMuUKe, LOSUCHUKE, MOOEIUPOBAHUU NPOU3BOOCNBEHHBIX HPOYECccos, obecneyeHuu
be30nacHoll dHcu3HeeamenbHOCIU HaceleHus U Op.

OO0HuM u3  6adCHeUwux 6onpocog 6 obecnedeHuu 6E30NACHOU ICUSHEOESTMETbHOCMU  HACELeHUs.
SGIAEMCIL CBO0EBPEMEHHAS IGAKYAYUsL T00ell, KOMOpble OKA3AIUCh 6 ONACHOU O dcusnu cumyayuu. /s
NnpoGedeHUs. ONEPAMUBHO-MAKMUYECKUX OCliCBULl N0 26aKyayuu U CHACEHUIo 1ooell U3 30aHull co30armcs
NOJCAPHO-CRacamenvHvle NOOpA30eNeHus, KOmopule, KaK Npasuio, (QopmMupylomcs no muny u4pe3ebluyatinblx
cumyayuil, KOMopas 603HUKAEN 6 30aHUll, MO eCMb CO2NACHO UX npogeccuonanvrHou Hanpaeiennocmu. Ha
NOMOWb NOACAPHO-CNACAMENTLHBIM NOOPA30ENEHUAM 6 HACMOsUee 8pemMsi NPUXOOsm NpoSPaAMMHbIE KOMIIEKCb



ITPUKIIAJTHI THTAHHA MATEMATHYHOI'O MOAE/IIOBAHHA T. 4, M 1, 2021

no  YNpagusieMou 36axKyayuu u3 30aHUll, 2AA6HbIM KOMHOHEHMOM KOMOPLIX ABNAIOMCA  NPOSPAMMbL
MOOenuposanus 08UdNCeHUs NHOOCKO20 NOMOKA, KOMOpvle 6 KadxdCOblil (QUKCUPOBAHHBIL MOMEHm 6peMeHu
npeocmasiniom KoOHQpuUeypayuro pasmeujenis aooe.

Ha npaxmuxe uyacmo 803HuKaem 3a0aya MOOEIUPOBAHUS O8UNCEHUS NHOO0ell SPYNNamu, npumepamu
KOMOPYIX MOSYIM CIYHCUNb UTEHbL CeMbll UTU cnacament 00H020 NOOPA30eieHuUs, KOmopbvle nepemewarnmcs ¢
epyzom. Tlosmomy axmyanvholli 3a0aueii A6NAEMCSA MOOEAUPOBAHUE OBUNCEHUA ZSPYNN JH00ell C YYemom
MAKCUMATBHO OONYCUMBIX PACCMOAHUL MEXHCOY UIeHAMU SDYRN U MeMU, KOMOPble I8AKYUPYIOMCIL C SPY3OM.

B pabome npeonosicena modenv mena uenogeka ¢ 2py3om, Komopas npeocmasisem cobou
O0BYXKOMNOHEHMHBIU  COJCHBILL  00bekm 6 6ude O0beOUHEHUs JJIUNCA U NPSIMOYZOIbHUKA, MENCOY
KOMROHEHMAaMU KOMOPOo20 3a0aHbl MAKCUMATLHO OONYCIMUMbLE PACCMOAHUA. Yuem MaKcuManrbho 0OnyCmuMblx
paccmosHull mexcoy 00veKmamu no3gonaem 00beOUHAMb UX 6 NOOZPYNNvl, a4 3A0aHHble MAKCUMATbHbIE
paccmosinua mexcoy noOSPYnnamu no36oasiom o00vbeounsAms ux 6 epynnuvl. Popmanuzosanvl nepeyucientvle
ocpanuvenus Ha e3aumooelicmeue 00bEKMos, NOCMPOeHA MAMEMAMUYecKds Moo0enb aKmyaibHol 3a0adu
MOOEUPOBAHUST OBUICEHUST OO0l C pazousKkol ux Ha epynnol. [ QHATUMUYECKO20 ORUCAHUSL YCA0BUL
HenepeceyeHus 00beKmog Moouduyuposamvl Keasu-phi-pynkyuu cocmaguvix 00veKmos, Komopwlie AGIAMCs
OCHOB01U AN20PUMMO8 MOOETUPOBAHUS UHOUBUOYANbHO-NOMOYHO20 OB8UINCEHUS 0Ol

Knrouesvle crnosa: modenuposanue, 0gudicerue, NOMOK H00et, MOOeb OPUOHMATLHOU NPOEKYUU meid
yenosek, Kkeasu-phi-goynkyus, cocmasHvle 00beKmul.
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MATHEMATICAL MODELING OF THE MOTION OF GROUPS OF
PEOPLE DURING EVACUATION FROM BUILDINGS

The problems of cutting and packing (C & P Problems) have been actively studied by the scientific
community over the past years. This interest is explained both by their great complexity from a theoretical point
of view, and by a wide range of their application in solving urgent practical problems, for example, in
informatics, logistics, modeling of production processes, ensuring the safe life of the population, etc.

One of the most important issues in ensuring the safe life of the population is the timely evacuation of
people who find themselves in a life-threatening situation. To carry out operational and tactical actions to
evacuate and rescue people from buildings, fire and rescue units are created, which, as a rule, are formed
according to the type of emergency that has arisen in the building, that is, according to their professional
orientation. At present, fire and rescue units are being helped by software systems for controlled evacuation
from buildings, the main component of which are programs for simulating the movement of the human flow,
which at each fixed moment of time represents the configuration of the placement of people.

In practice, the problem often arises of modeling the movement of people in groups, examples of which
are family members or rescuers of one unit who move with a load. Therefore, an urgent task is to model the
movement of groups of people, taking into account the maximum permissible distances between members of
groups and who are evacuated with a load.

The paper proposes a model of a human body with a load, which is a two-component complex object in
the form of a union of an ellipse and a rectangle, between which the maximum allowable distances are set.
Taking into account the maximum allowable distances between objects allows you to combine them into
subgroups, and the specified maximum distances between subgroups allows you to combine them into groups.
The listed restrictions on the interaction of objects are formalized, a mathematical model of the actual problem
of modeling the movement of people with their division into groups is built. For the analytical description of the
conditions of non-intersection of objects, the apparatus of quasi-phi-functions of composite objects is modified,
which are the basis of algorithms for modelingindividual flow movementof people.

Keywords: simulation, movement, flow of people, human body plano model, quasi-phi-function,
composite objects.

ITocTanoBka nmpodJieMu
3anagi po3kporo Ta ynakyBanHs (C&PProblems) akTHBHO IOCHITKYIOTCS HAyKOBOIO
CIIJTBHOTOI TPOTATOM OCTaHHIX POKiB. Takuii IHTEpPEC TOSICHIOETHCSA SK BEIHKOIO iX
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CKJIQJIHICTIO 3 TEOPETUYHOI TOYKU 30pYy, TaK 1 IIUPOKUM CHEKTPOM IX 3aCTOCYBaHHS INpHU
pPO3B’s3aHHI AKTyaJbHMX TMPAKTHUYHUX 3aja4, HANpUKIaA, B i1HQOpPMATHUIl, JOTICTHUII,
MOJICITIOBaHHI BUPOOHUYHUX TPOIIECIB, 3a0€3MEUCeHH] Oe3MeUHOT KUTTEMISUIBHOCTI HACEICHHS
ta iH. Kinbkictes Ham3BuyaitHux cutyanii (HC), ska, 3a cTaTUCTUKOIO, 301IbINYETHCS,
MPU3BOJIUTE JI0 BEIIMKOI KUIBKOCTI SIK MarepiaJbHUX 30HMTKIB, TaK 1 JO JIFOJACHKHUX >KEPTB.
EBakyarriss — yacTo €equHUi croci® MOPATYHKY JIIOJWHU, IO OMMMHUIACS B HEOE3MEUHIN A
KUTTA cuTyamii. Jjiss mpoBeeHHST ONepaTUBHO-TAKTUYHUX 1A MO €Bakyallii 1 TMOpPATYHKY
monelt 3 OyliBenb CTBOPIOIOTHCS TOXKEKHO-PATYBAIbHI MIAPO3AUIH, SKi, SIK IMPaBHIIO,
dopmytoteest 3riqHo Trmy HC, sxa BuHHMKae B OymiBii, TOOTO 3rigHO ix mpodeciitHoi
CIpsIMOBaHOCTi. Ha TOmoMoTry mokeXHO-pSITYBaIbHUM MiAPO3/iIaM B TaHUW Yac MPUXOJIATh
IporpamMHi KOMITJIEKCH IO K€POBaHil eBakyallii 3 OyaiBeib, TOJIOBHUM KOMIIOHEHTOM SIKHX €
IpOTpaMy MOJICIIIOBAHHS JIIOJICBKOTO MOTOKY, SIKi aZIeKBaTHO Bi10OpakaloTh peasbHi Mpolecu
oro pyxy. Ha mpakTuiil 4acto BHHHUKAaE 3ajada MOJECIIOBAHHS pPyXy JIOJEd Tpymnamw,
NPUKJIAJaMU SIKUX MOXYTh CIIyTyBaTH YWICHHU CiM’1 a00 pATYBaJIbHUKH OJHOTO MiAPO3ALTY, SIKi
pyXaroTbCs 3 BaHTakeM. ToMy HEBHUPIIIEHOI YaCTHHOIO NPOOJIEeMH € aKkTyajbHa 3ajada
MOJICITIOBAHHSI PyXY TPYII JIOACH 3 ypaxyBaHHSIM MaKCHUMAalTbHO-TOIMYCTUMUX BiJICTAaHEH MikK
YJICHAMH TPYT, 1 TUMH, K1 €BaKyIOIOTHCS 3 BAHTAKEM.

AHaJIi3 OCTAHHIX I0CATHEHb TA MyOsTiKkanin

3amada MOJCNIOBAHHS PyXY JIIOJEH B KOKHUM TUCKPETHUI MOMEHT 4acy sBIIsi€ COOOI0
KoH(piryparito po3mimieHHs 00’ekTiB [1]. LI 3ama4ui MokHA OXapaKTEPHU3yBaTH MHOXHHOIO
00OMEeXEeHb PO3MIMIEHHSI Ta JOJATKOBUMH OOMEKCHHSIMH, CEpel SIKUX MOXKHA BU3HAUUTHU
opieHTaIio 00'€KTiB, 00OMEKEHHS MAHEBPEHOCTI Ta KOM(POPTHOCTI PyXy TOIIIO.

SIk BimoMoO, 3agadi pO3KPOIO0 Ta YNMAaKyBaHHS, B TOMY YHCIi ONTHMi3aliiHI 3axadi
MOJICITIOBaHHA pyXy Jtoaei € NP-cknagaumu. Tomy B mepeBakHiM O1IBIIOCTI AOCTIHKCHB,
MPUCBSIYCHUX MM 3a7adyaM, BHKOPHUCTOBYIOTHCS EBPHCTUYHI Ta CTAaTUCTUYHI METOIH, SKi
JIO3BOJISIIOTh  OTPUMATH HaOmmkeHi po3B’si3ku  [2]. Ha ceoromni BiacyTHI Momedni
1HAMBIya bHO-TIOTOYHOTO PYXY JIIOACH, 10 aJeKBaTHI peasbHOMY NOTOKy [3]. InTepec mo
MOJIeJIi MOTUBYETHCS TAKOX, SIK HEOOXIIHICTIO yBaru 10 pyxy reTepOreHHHX T'PYIl JIOJEH B
MOTOIll, TaK 1 HEMOXJIMBICTIO Ha TEMEpilIHii Yac moOyIOBH aJACKBAaTHUX MaTEMaTHYHUX
Mojienield Ha 0a3i aHAJIITUYHOTO OMKCY YMOB HEMEPETHHAHHS MK JIFOJbMHU 200 iX Tpymnamu.

VY posrnsHyTiH B gaHid CTaTTI NpUKIaaHIA mpobiemi 00'€KTOM PO3MILECHHS
(mepemimeHHsi) € moauHa. Y pobotax [2, 4] mokaszaHo, IO MpU BUIBHIA Kareropii pyxy
HANOUIBII aJeKBaTHOI MOJACIUTIO MPOEKIIil JIOJCHKOTO TiJla Ha TOPU3OHTAIBHY IUIOMIUHY €
emnc. Y crarTi [5] HaBOAUTHCS TOCUTH MOBHUM OIS 3apyOi’KHOI JIITepaTypu, MPUCBIICHUI
3a/1ayaM PO3MIIIEHHS eJIMCiB. 3aja4a ONTUMAIBLHOTO PO3MIIIEHHS €JIICIB, 10 JTOMYCKAIOTh
HerepepBHi 00epTaHHA, pO3MIIIHYTa B [6, 7]. s aHANIITHYHOTO ONMKCY OCHOBHHUX OOMEXKEHb
PO3MIIIIEHHS] BUKOPUCTOBYIOTHCS TICEBIOHOpMaITi3oBaH1 kBasi-phi-pynkiii [8, 9]. ¥V poborti
[4] TpOmMOHYEThCS AHATITUYHMNA ONUC BIJHOCHMH MDK eJincamMu (HemepeTHHaHHS 1
po3TallyBaHHS Ha MiHIMaJbHO JOMYCTHMIM BiJICTaH1) 3 BUKOPHUCTAaHHSIM 3alpONOHOBAHOI B
it po6oti kBazi-phi-pyHkiii. {i1s MogemoBaHHs pyxy IpyM JII0ei HEOOXiHO BpaxoByBaTH
e MaKCHMAaJbHOAOIYCTUMI BIJICTaHI MDK WiIeHaMH KOXHOi 3 rpymn. OCHOBH JyIst
AQHAJITUYHOTO ONKCY YMOB HEMEpPeTHHAaHHS OO0’€KTIB 3 ypaxXyBaHHAM MaKCHMAJIbHO-
JOTTYCTUMHX BiJICTaHEH 3aJI05KEH] B TEOPil reOMeTpUIHOTr0 nmpoekTyBaHHs [ 10].

IIpu MopnenmoBaHHI pyXy TETEPOreHHUX IIOTOKIB JIIOACH, SIKi €BaKyIOIOThCS 3
BaHTaXXEM, iX TOPU3OHTaJIbHA MPOoeKIis (“ipocTopoBa” ¢opma) Mae OUTBIN CKIATHY (OpMY,
HiK eninc. Tomy s po3B’si3aHHS 33a7au MOJEIIOBAaHHS PyXy Ipynl Jroaed 3 BaHTaxkeM (iX
PO3MIIIEHHs] B KOXXHHH JIUCKPETHHM MOMEHT dYacy) HeoOximHa 1oOymoBa MoOene Ta
METO/IB MOJICIIOBAHHS T€TePOreHHHUX MOTOKIB Ha 0a31 MaTeMaTUYHOTO amapaTy OIHCY YMOB
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HEeTepeTUHAHHs 00’ €KTIB JOBUIBHOI TPOCTOPOBOI (HOPMH 3 ypaxXyBaHHSIM MaKCHUMAaJIbHO-
JIOMTYCTUMUX BIJICTaHEH MIXK YWICHAMH TPYII.

VY poboti monudikoBaHo kBazi-phi-GyHKIIi Ta OTPUMAHO AHATITHYHHMA OIKC yYMOB
HENEpeTUHAHHS ISl CKIaTHUX 00’€KTiB (10 € 00’€HAHHSAM EIINCIB Ta MPSIMOKYTHHKIB) 3
ypaxyBaHHSIM  MaKCHMAJIbHO-JOTYCTUMHUX  BiJCTaHEH MK  HUMH.  3aCTOCYBaHHS
MaTeMaTHYHOTO amnapary kBa3zi-phi-QyHKIiil 103BoiHI0 (hopMai3yBaTH B3a€MOJIII0 00’ €KTIB
(TOpKaHHsI, HETIEPETUHAHHS, TICPETUHAHHS) JI OUTBIII IMIHUPOKOTO KIIACy MPOCTOPOBUX (HopM,
10 JaJI0 MOXJIMBICTH MOOYIyBaTH MaTeMaTUYHY MOJENb MOJETIOBAHHS PyXy JONEH, 1110
PYXarThCs TPYIaMH 3 BAHTAKEM.

MeTta pocaixKeHHs

Metoro pobOTH € po3poOKa MaTeMaTHYHOI MOJENiI MOJCIIOBAHHS TPYI JIOACH 3
BaHTaXeM. JIJIs TOCSATHEHHS MeTH OyJir TTOCTaBJICH] TakKi 3aBJaHHS:

—noOyayBaTH aJeKBaTHY IS 3aJad eBakyallii MaTeMaTU4Hy MOJIelb Tilia JIFOJWHU 3
BaHTa)XEM, OTPUMAaTH aHANITUYHI BHUpPa3HM YMOB iX HENEpPEeTHHAaHHS 3 YpaxXyBaHHIM
MaKCHMaJIbHO-AOMYCTUMHX BIJICTAHEH MIX HUMH,

—oOyayBaTH MaTeMaTUYHy MOJENb TEpeMIlleHHs JIoJeH 3 BaHTaxeM (00'€KTiB
CKJIQJIHOT MPOCTOPOBOI (hOPMHU) 3TiTHO 3aJaHUM OOMEKEHHSIM Ha NIJISHI[I TOPU30HTAIEHOTO
HUIAXY.

BukiajgeHHs1 0OCHOBHOIO MaTepiary 10CTiIZKeHHSs

4. MocranoBka 3aaadi i ii po3B’si3yBaHHs.

4. 1. [lo0ynoBa axekBaTHOI ISl 3aJa4 eBaKyaulii MaTeMaTH4HOI Mojesi Tiia
JIOIMHM 3 BaHTaxeM (PATYBAJIbHHMKA 3 JIIOAUHOI0), AHAJNITMYHI BHMpPa3sH yMOB iX
HenepeTUHAHHS.

MatemaTuuHU amapaT B3a€MOJi TE€OMETPUYHUX OO0’€KTIB € OCHOBOI METOIB
MOJICITIOBaHHS PO3MIIIICHHS 32 3aIaHUMH 0OMEXEHHSIMH, MOJICITIOBAHHS PYXY ITOTOKY JIFOCH.

VY 3B’3Ky 3 BUIIECKAa3aHUM, BUHHKA€ HEOOXITHICTh B 1mMoOynoBi KBasi-phi-pyHKIin
JUTs1 OUTBII TITUPOKOTO KjTaca 00’ €KTIB, 30KpeMa:

— NPSIMOKYTHHKIB;

— IPSIMOKYTHHKA Ta EJIITca;

— 00’€eKTa, CKIAJICHOTO 13 elinca Ta MPSIMOKYTHHKA, 3 TPSIMOKYTHHKOM;

— 00’€KTa, CKJIaJIEHOTO 13 eJIirca Ta MPIMOKYTHHUKA, 3 €JIICOM.

[IpencraBuMO MpoEKIil0 Tijda JOJUHU B 33Jadyli MOJENIOBAaHHS pyXy JIIOJUHU Y
Burial o6'ekra S,. KoxxHomy 00'ekTy S; 3iCTaBieHi mapaMeTpH po3MIMICHHA u; = (v;,6;),

ne — v; =(x;,y;) - BEKTOp TpaHCHALIl 00'ekTa S; BIAHOCHO HEPYXOMOi CHCTEMHU KOOPJIUHAT,
a @;- Kyt ioro noopoty. [lozmaunmo uepes S;(u;) 00’ekr S; = S;(0), AKHi TOBEPHEHUI
Ha KyT 6; 1 TpaHCIbOBaHUHM Ha BekTop V,. IIpu mpomy noBiibHa Touka p = p(0)00'ekTa
BiZ0OpaxkaeThCsa B TOUKY p(v)=v+ M (6;) pT (0), ne M (6;)— marpuus omneparopa oBOpOTy
IIPOCTOPY Ha KYT 6; .

Po3riistHeMo HACTYIIHI BIXHOIICHHS MK 00’ €KTaMu S; (u;) Ta S ;(u;):

— NEPETUHAHHA: int S; (u,—)ﬂint Si(u;)#9,

— Topkanust: int S; (u; ) |int S ; (u ;) =D 1a fi-S; (u) ) /S (u ;) # DB,

— HENepeTUHAHHS S; (ul-)ﬂ Si(u;)=9,

7e int(e) - TOMOJOTiYHA BHYTPIIIHICTh, fi(®) - TPAHUL MHOXKUHHU (o) .
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YMOBH HEMEPETHHAHHS JBOX 00'€KTIB S;(u;) Ta S;(u;), A y SKOCTI LHX O0'€KTIB

OyIeMo po3risfaTH TepeideHl BHUINE KiIach O00'€KTiB, MOOYIyeEMO, BHUKOPHCTOBYIOUH
NOHATTS X kBazi-phi-pynkuii [11].

. . S;S; .
Busnauennsil. Kgasi-phi-pynxuiero @'/ (u; u j,u') s o0'exTiB  S;(u;) Ta
S j(u ;) HA3MBAETBCS BCIOJM BU3HAYCHA HENEPEPBHA IO yCiM 3MIHHUM (DYHKIiS, IS SIKOT
. S;S; . . .
dynxuin  max @'/ (u;u;,u’) e phi-Qpynkuiero o6'exris S;(u;) Ta S;(u;)[11]. Tyr
u'eUcR™

u' - BEKTOP JIOMOMIKHUX 3MIHHHX, SIKi HAJIe)kKaTh NesKiil miaMHoxuui U npoctopy R™ [11].
BaxiuBa xapakTeprcThKa KBasi-phi-QyHKII: SKIIO UIs JEIKOrO #' BUKOHYETHCS

,S;S , . )
Q" (ujuj,u')2 0,10 intS; (u) )intS ;(u ;)= [11].

Kgasi-phi-pyHHuis 1/s1 ABOX NpSIMOKYTHHKIB.
Hexait T7;(w;) T1a T;(u;) — 71Ba TNPIAMOKYTHHKH, SKi 3ajaHi BEpIIMHAMH

pll] (i7=12,3,4) Ta plj (i=1,2,3,4) BiANOBiNHO 3 mapameTpamMu po3MimieHHs u;(x;,;,0;),

ui(x;,y;,0;). Hexait Pu')={(x,y): f(x',y)=cos@x+singy+y >0 —

TiBIUIOIIMHA.

Hexaii @Tip(ui,u') = min f (pllj()) — HOpMasizoBaHa phi-GyHKIA IS 00'€KTiB

lj_172>354
TP J0) . . .
Ti(u;) Ta P,a @7 (up,u’)=_ Ilrlgl3 4(— f(p5 ")) — wopmanizosana phi-Qysxmis s
U: 949~y

ob'extiB 7' (u ;) T1a P (') =R?\ P(u'), Toni pyHKuis

& .y = min T (), @7 () 0

€ kBasi-phi-pyHKuieto 1yist npaMOKyTHUKIB 7 (u ;) Ta T (u ;) [12], u'=(4",7").

Kgasi-phi-gpynnuisa ns aBox exaincis.

Hexaii E;(u;) Ta E;(u;) — emincu 3 TMiBBICAMU a;,b; Ta a;,b; BIANOBiaHO.
[Tosnaunmo uepes E;(u;) 00’€kr E; = E;(0), AKWA TNOBEpHEHMH Ha KyT @; 1

TPaHCIFOBaHMH  Ha BekTop v;. Ilpm npomy noBinbHa Touka p = p(0) oO'ekra

BiZIOOpakaeThest B TOUKY p(v)=v+M(j) pT (0), ne M (j)— maTtpuus orneparopa HOBOPOTY
npoctopy Ha KyT 6;. IlapameTp ¢; BU3Hauae Touky v; = (x;,);) = (Aaq; cost; + Ab;sint;) Ha
rpanuul E,,0<¢, <27,i=1,2.

[Tpuiimemo  u' =(¢',y',t1,t5), Tomi xBasi-phi-Qynkuicro g emnciB  E;(u;) Ta
E ;(u ;) Oyne MaTH BUITISL

E *

W E i , . E-P ' ,EP i
](ul-,uj,u):mln{cb ' (ui7u1 ),CD / (ujauz )}9 (2)

@ i
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niBronwan P [12], uj = (¢, ¢, 7"), ub =5, ¢',7").
Kgasi-phi-pynkuis nJs ejinca Ta npsiMOKyTHHKA.
Hexait E;(u;) - eminc 3 miBBicsiMia; Ta b,, T;(u;)— NPSMOKYTHHK, SIKHH 3a71aHO

, . R . .
(uj,u; ) € Hopmanizoeanoto xsasi-phi-pynkuiero st eninca E;(u;)Ta

BEpIIMHAMU p,:j (57 =1,2,3,4) BIANOBIIHO 3 MapaMeTPaMH PO3MILIECHHS u;,u i 3rigHo (1) Ta

(2) xBasi-phi-yHKiist fis eminca E; (u;) Ta npIMOKyTHHKA T (u ;) Oyzie MaTH BUTIS:

E

@ 1 (g, gy = min@” B g ), 0" gy ), ®)

Ac I/li :(tla ¢'ay')a ulz =(¢':7/,) .

KBasi-phi-gpynnuis 149 ckjiageHux 00’ €KTiB.
Hexait P(uij )z {(x,y): ;5 (x,y) = cos ¢ijx +sin ¢ijy +7i 2 0} — HanmiBmommHa 3i

3MIHHUMH TapaMeTpaMu po3MilleHHS (¢ ). Sx Bimomo [13], mist IBOX CKIAACHHUX

ij>Vij
n; n]
00'ekTiB H = UH i H =||H kBazi-phi-pyHKIis @it (
i(ui)_ r(ui) j(uj)_ U m(uj) p YHKIL ui,uj
r=1 m=1
MO>Ke OyTH BUIIMCAaHA B BUTJISII

u!

H

iH . H;P; H Py
@ P, @y,yy) =min{@ "V (u; @y, y), @Y (u; vt 4)

nA
H.P. . . ! . .
ne @Y (u; ¢y, ;) — phi-pyskuis jist H;(u;) = UHr (#;) 1 HaIIBIJIOIMHU P(ul-j),
r=1
n

H.P: ) . / : :
@'V (u; ¢;,y;))~ phi-byrkuis Ona H(u;)= UHm (uj) 1 HAMIBIIOMMHU P*(”ij)’

m=1
ul’J = ( @, 7j) — BEKTOP TOMOMIKHHX 3MIHHHX.
. . oL . JHH ;
Cnin  BiamituTH, 1m0 KBasi-phi-pyHKIis @ T (u;u j,¢l~j,}/l-j)—0,5 pij €
i
TICEBIOHOPMAJTI30BaHOIO KBa3i-phi-QyHKITi€t0 JUTSL H;(u;)= UH - ;) i

r=1
n .

J
Hj(u;)= UHm(uj). Le osnauae, mo AKmWo p;; >0 1€ Bincranuio Mk H;(u;) 1 H ;(u;)

m=1
Ta  BHU3HAYAETHCS, SIK MiHIMaJIbHA €BKJIIOBA  BIICTaHb, TOM1 HEPIBHICTH
H:H H.H .
i g _ ’
@+ (ui’uj,¢l-j,7/l-j) =@ (ul’u],¢l],yy)—0,5plj >0 O3Haydae, 1o

dist(H;(u;),H ;(u;)) 2 pj; -

Takum 4MHOM, PO3MIUPEHHS MPOCTOPUX (HOPM 00’ €KTIB B aHATITUYHOMY OIHCI YMOB
B3a€MOJIIi 00’€KTIB JO3BOJISIE PO3MIMPUTH KOJIO TMPAKTUYHUX 3a/ad, M0 PO3B’SI3YETHCS.
30kpemMa, Ipu MOJIEITIOBaHHI PYyXY JIIOJIeH 3’ IBHUIIACS MOXKIIUBICTh MOJICITIOBATH TIEPEMIIICHHS
monuHu  (eminca) 3 BaHTaXeM (NMPSAMOKYTHHUKOM), JIFOAWMHU 3 JOMOMIXHHUMHU 3aco0amu
HepeMillieHHS TOIIO.
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4. 2. MatemaTH4HAa MOJe/b NepeMillieHHs JIIoeil 3 BaHTaxeM (00'€KTIB CKJIAIHOI
npocTropoBoi (opMHu) 3rilHO 3aJaHUM OOMEKEHHSM Ha JUISHII TOPU30HTAJIbHOIO
HJISIXY.

Hexaii B obmacti eBakyamii (2, Ha k-1 irepamii 3Haxomutbcss Nj Jrogelt 3
mapamMeTpamu posmimeHHs u; =(x;,y;,6;), i=12,..,N,, ne (x;,y;)— KoopAuHATU
PO3MIIIEHHS TOYaTKY JIOKAJIbHOI CUCTEMHU KOOPAMHAT (IIOTOYHOI TOUKH), @ @; — KyT IIOBOPOTY
[-TO0 CKJIQAHOrO o0’exTa H;, SKUH € MO0 i-0i JIOAMHU. Y SKOCTI Takoi Mojeni

po3risinaeTbes abo enmirne, abo eminc 3 MPSAMOKYTHHKOM. JIjis KOXXKHOI MOTOYHOI TOYKH 3
-

KOOpJIuHAaTaMu g;(X;,);) BH3HAYA€THCS BEKTOP MIBUAKOCTI Vj(X;,);). Po3risHeMo Takox

BUITQJIOK, KOJIM B MOJIEJII BPaXOBYETHCS MAHEBPEHICTh KOXHOI JIIOJUHU, TOOTO MOKIIUBICTh

BIAXWISATHCSA B1Jl OCHOBHOIO HAampsMKy pyxy. Takum umHOM, 0O'ekTy H; mpumucasi

_>
XapaKTePUCTHKHM MIBUAKOCTI |v;| (B METpax B CEKyHAY) 1 MaHEBPEHOCTIim;,

ml-|<l (B

Metpax). [Ipu MozenoBaHHI 1HAMBITYaTbHO-TIOTOKOBOTO PYXY PO3IJISIIAETHCS TEPEMIIICHHS
. . . B )
JBOX OCHOBHHX BHJIIB O0'€KTIB: MiArpym Joneid S 08 =1,2,...,n, (UpUKIAIOM MIATPYIHU

MOX€ CIyXKHMTH CIM's ab0 NpaliBHUKK OAHOro miaposainy); rpyn G,,[=1,2,..,n;, mo
CKJIQJAIOThCS 3 MArpyn (Hampuikiaad, KiTbka 3HAWOMUX CIMEWHMX map abo [eKiibka
HipO3IUTIB pATIBHUKIB). Hexaif 3a1ana MakcuManbHa BiICTaHb, HAa SIKY MOXKYTh BiIIaIsTUCS
YJIEHH MiATPYI OJHMH BiJl OJHOTO Ta MIATPYIH OJIHA BiJl OJTHOI.
Hexaii KinbKicTh Mtoziel B g -Til miarpymi S g CKIANae ng (MOXTMBHIA BUTIAZOK, KOJIA
ns
ng =1), MO3HAYUMO an = Ng, MakcuMallbHa BiACTaHb MK JIOABMH g-TOI MIATPYIH
g=l1
ng
. L b
CKTamae pg. Koxxna miarpyma yTBOPIOE CKJIQJACHUH 00 €KT Sg = UH ,> YMOBH
r=1
HEMepeTUHAHHA MK OO0 ’€KTaMH IIi€i MATrpynmd MOJXKHA 3amucaTd  3a  JOTMOMOTO0
HOpMaJTi30BaHMUX KBa3i-phi- QyHKIIIi:

O (o y) = O w4y 7,) —0.5p, 20,
i>j,(i,))eXgxtq, g€l - (5)

Posrmauemo rpymu G,/ =1,2,...,n,. Hexail kuipkicTe marpyn B G; rpymi ckiajgae
ngG
n; (MoxnuBo BUmanok n; =1). IlosHaunmo uepes an =ng KUIBKICTH miarpyn, Ng -
/=1
3arajbHy KUIBKICTh JIOJEH B 1 TIpynax, a MakCHMalbHYy BIJCTaHb MIXK MIATPYIaMHU
n ng Mg
nosHaunmMo 4epes p; . Koxkna rpyna — cknanennit o6’exr G; = US g = U (UH ;) s YMOBY
g=1 g=1 i=1
HEeTMepeTUHAHHA MK 00’ekTamMu (TiArpyrnamu) 3 TOTPUMAaHHSIM MaKCUMaJIbHO JTOMYCTHMHX
BiJICTAaHEW MOYKHA 3aMKCATH 33 JOTIOMOTOK HOPMAaJli30BaHUX KBa3i-phi-pyHKIIiiA:
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,S,S /S, S
Py gty bogsVgq) =P gty Baqs7 gq) =051 20,

). ©)

g>qelnS, ugz(ul,...,ui,...,ung), uqz(ul,...,uj,...,u ]

[Tinrpynu Sg g>qunS (o0’extn H;,i=12,..., N;) NOBHHHI HajeXaTu 00JacTi

£,,, To0TO IOBUHHI BUKOHYBAaTUCh YMOBHU

Q

*

"(u;)20;, g>qel Q

»°¢ ngs QL =RN\Q,. )

Cryminp 3B'SI3HOCTI JIO/IEH B MArpymnax i MArpyn MK cOO0I0 BU3HAYAETHCS MOMAPHO
3amaHuMu  Koedimientamu. [lpu 11bOMy pIBHICTH BiAMOBiAHOTO KoedimieHTa 1 o3Haudae
NPaKTUYHO HEPO3PUBHUN 3B'SI30K (HANpPHKIAL, MaTH 1 JUTHHA), piBHICTE 0 oO3Hauae
BIJICYTHICTB 3B'SI3KY.

Toxi MmaTemaTtnyHa MoJenb MiA3anavi Ha k-1l itepauii Moxke OyTu chopMyinbOBaHa y
BUTJISIZII TTONTYKY MaKCUMyMy CYKYITHOTO TEPEMIIICHHS JIIOJIeH, SKi 3HAXOIAThCA B 00JacTi
eBakyarii [4], mns skux 30epiraroThCs MaKCHUMaJIbHO-IOMYCTHMIi BiJCTaHI MiX HUMH Ta
MiArpynamMu JTF0JEH, TEXHOIOT14HI 0OMEKEHHSI MAaHEBPEHOCTI PyXy, TOOTO:

Fu™)= max F(u),
ueW, cR" (8)
Wk:{ueR”:yij 20,764 20,7, 20,T;20; i>j,(i,j)eZg><Zg,g>qe]nS;}, ©)
ne
u=(At,z,x,5,0, ’Atiﬂzi"xi’yi’ei""’AtNA’ZNk’xNk’yNA’eNA7¢1297/12"“’

¢(Nk—l)Nk >V (N,-)N, )> I, Iy,

Ne |-
n=5N +(Ng =DNg, F(u)=At) At;|vil,
i=1

.. > (0 — YyMOBH HEIlEPETUHAHHS 00’ €KTIB B IMIArPYyIax:
7ij 20 -y 0’ VI

(HIH . . ..
Bl-Bj®+ ! (ui,uj,¢ij,7ij)20, l>]’(laj)ezgnga gEII’lSa

Y gq =0 — YMOBH HEIICPETHHAHHS HiArpyIL:

S,S
r=874q
BB, @, (Ug Uy, Peq-Vaq) 20, g>qelyg,
T; > 0 — TeXHOJOIYHI OOMEKEHHS:

{osml. <1,

-m;<z;Sm,iely,
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Q; =R? \Q,,, B €1{0,1}, At,~ BIITHOCHMH KpOK B 4aCi pyxy i-0i JIHOAMHUY Ha k-Til
iTepauii, koedimient B =1, akmo o6’exr H,; HanexuTh obmacti 2,, B;=1, B = 1,
i>j,(i,j)e Zg ng, ge I”s , (Bg =1, B, = LLg>q e]nS ), SKIIO BIAMOBIAHI 00’ €KTH

Hajexarh miarpymnam (rpymnam) . KoedimieHTH TOpiBHIOIOTH HYJIIO B TPOTUJICKHOMY BUITIATY.
3amaga ymoBHOi ontmmizamii (8)—(9) € NP-ckiagHOI 3a[auei0 HEeNTHIHHOTO

nporpamyBaHHsa. O0JIaCTh IOMyCTUMUX PO3B’SI3KIB W), Mae€ CKIIafiHy CTPYKTYypy: Iie, B3araii

KaKy4H, He3B si3Ha MHOKMHA, KO’KHa KOMITOHEHTA 3B'SI3HOCTI AKO1 € 0araTo3B’sI3HOO.

BucHoBkHu

VY po6oTi oTpuMaHi aHATITHYHI BUPa3H yMOB HEIMEPETUHAHHS CKJIAJACHUX 00 €KTIB 3
ypaxyBaHHSIM MAaKCHMaJbHO-JIOMYCTUMUX BiJCTaHEH MiX HHMH, ILIO € OCHOBOIO JUIS
no0yJ0BH MaTeMaTHYHOI MOJIENII MOJICITFOBAHHS PyXY JIFOACH 3 BAHTAXKEM.

[ToGynoBaHna MaTeMaTH4YHa MOJENb MEPEMILCHHs TPYIl JIIOJACH 3 BaHTa)KeM 3TiTHO
3aJIaHUM OOMEKEHHSIM: HETIepEeTHHAHHS JII0JIel Ta X PO3MIIEHHS B 30HI €BaKyarlii, yMOBam
MaHEBPEHOCTI pyxy. BracTuBocTi Mojeni € 0CHOBOIO Ui OOYIOBH METO/IiB, AITOPUTMIB Ta
porpaM MOJICIOBAHHS PyXy TPYH JIIOJEH Ha TOPU30HTAIFHOMY HUIAXY 3a HepeTidYeHIMA
0OMEKEHHSIMH.
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