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The procedure of the qualitative fractal analysis of long term time series for agricultural soils’ electrical
conductivity parameters, for which the hypothesis of trend existence isn’t confirmed, with application of the
methods of nonlinear dynamics, theory of chaos and phase trajectories, is presented. The real time series
characterizing mentioned above electrical conductivity parameters of Ukrainian soils are considered. The basis
for similar researches is Takens’s theorem. The randomness of the studied dynamical system given by time
realizations is established by means of Lyapunov’s indicator. The state stability is estimated by Hausdorff ’s
fractal dimension and the fractality index. Visual evaluation of the time series was carried out by means of the
phase trajectory restoration procedure. As a result of the analysis of phase points in the phase space the split
attractor is indicated, which gives the chaise to speak about its bifurcation.

Application of the nonlinear dynamical system theory methods to the time series analysis is based on the
hypothesis that the available series describes the behavior of the studied system, and it’s the only available
information about this system. According to the well-known Takens’s theorem [1] a single time series suffices
for an adequate description of a dynamical system as a whole.

The analysis of time series by the methods of nonlinear dynamical system theory is becoming widely
applied. In terminology of this theory the process described by time series contains the deterministic chaos, or,
in other words, is chaotic. From the linear analysis method point of view they are stochastic processes.

The nonlinear analysis demonstrates that neither can these processes be considered as deterministic
ones, nor are they absolutely random. In other words, only short-term forecasting of the system condition is
possible with certain accuracy.

Keywords: qualitative fractal analysis, long term, time series, agricultural soils, electrical conductivity,
parameters, methods of nonlinear dynamics, theory of chaos, phase trajectories, Lyapunov’s indicator, fractal
dimension, fractality index, phase space, attractor, bifurcation of an attractor.
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mpaexkmopii.  Posensnymi  peanvhi  wacosi  paou, WO  Xapakmepusylomv — 32a0aHi  napamempu
e1eKmponpoGiOHOCMI  YKPAIHCObKUX [PYHMIG (CLIbCbKO20CNO0APCbKo20 NpusHauentst). OOTpYHmMYSaunHsM O
nodionux Odocnioxcenv € meopis Taxenca. Xaomuuuicmv 00CRiONHCY8AHOI OUHAMIKU CUCMEMU, WO 3A0AHA
YacosuMu  peanizayiamu, 6CMAHOBNEHA 3a 00NOMo2010 noxasuuka Jlanynosa. Oyinka cmilikocmi cmauy
oyinosanace pakmanvHolo posmipuicmio Xaycoopggha i indexcom ppaxmanvuocmi. Bizyanvua oyinka
4Ac08020 ps0y NPOBOOUNACHL 3d OONOMO20K0 Hpouedypu 6iOHO61eHHs Gazoeux mpaeckmopin. Y pesyrvmami
amanizy Qazosux Mmook Gaszoe020 NpoCMoOpy GUAGNEHI O3HAKU POZUENAEHO20 ammpaKkmopy, wjo oae
MOHCIUBICB 2080pUMU NPO 11020 OighypKayiro.

3acmocysannn memooie meopii HeNiHIIHUX OUHAMIYHUX cuCmeM 00 aHAI3Y Yaco8ux psaoie 6A3yeMbCs HA
2inomesi nPo MOACIUBICMb ORUCY NOBEOTHKU OOCTIONCYBAHUX CUCTEM NOOIOHUM YUHOM, U 00 MO020 JC Ye €0UHA
docmynna ingopmayis npo cucmemy. 32i0Ho 3 dobpe idomoro meopemoio Taxenca [1], 00no2o wacoeoeo psdy
07151 A0eKBAMHO20 ONUCY OUHAMIYHOIL cucmemu YiIkoM 00CMAmHbO.

Ananiz uacosux psodie memooamu meopii HeNIHIUHUX OUHAMIYHUX CUCIEM 3apa3 HAOY8Ae WUPOKO20
3acmocyeanns. 32i0H0 3 mepminonozicio yiei meopii, npoyec, AKUL ONUCYEMBCA YACOBUMU PAOAMU, MOJiCe
ympumysamu y cobi demepminosanuii xaoc, abo, iHWUMU CIO8AMU, CINAE XAOMUYHUM. 3 MOUKU 30pY MEMOOy
JIHIUHO20 aHani3y, maKi npoyecu € XaomuyHUMU.

Heninitinui ananiz demoncmpye me, wjo maxi npoyecu MONCHA po3enioamu abo 1K 0emepmiHosari, abo
AK abconomuo cmoxacmuyti. [HwuMy cnoeamu, mineKu KOpoOmMKoOmpuaaie npocHo3y8ants NO8eOiHKU cucmemu
€ MOJCIUBUM 3 NEGHOIO MOUHICIIO.

Kuwouosi  cnosa:  saxicuuti  ¢pakmanvHuil  aHanis, — 00820MpPUBANICMb,  YACO8I  pAOU,  IPYHMU
CIIbCLKO2OCNO0APCbKO20 NPUSHAYEHHS, NApAMempuU, eieKmponposioHicmy, Memoou HeiHIliHOI OuHamiKu,
meopis xaocy, gaszosi mpackmopii, noxkasuux Jlanynosa, ¢ppakmanvia posmipHicms, iHOEKC (paxmarbHOCi,
¢gazosuti npocmip, ammpaxkmop, 6igpyprayis ammpaxmopy.
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KAUYECTBEHHBIN ®PAKTAJIBHBIN AHAJIN3 JJIATEJBHBIX
BPEMEHHBIX PA10OB TAPAMETPOB 3JIEKTPOITPOBOJHOCTHU I'PYHTOB
CEJBbCKOXO3AMCTBEHHOI'O ITPEJHASHAYEHWSA: METO/bI
HEJJMHENHON TUHAMMKH, TEOPUHM XAOCA, ®A3OBBIX TPAEKTOPUI

Ilpeonooicena npoyedypa KavecmeeHHO20 GpaKmanbHO20 aHAIU3A ONUMENbHBIX BDEMEHHbIX D008
napamempos 1eKmponpogoOHOCY 2PYHIMOE CeNbCKOXO3AUCMEEHHO20 NpeOHa3HaAueHus, ONid KOMOPbIX He
noomeepoicoaemcs 2unomesa 0 HaIu4uy mpenod, ¢ UCNONb308AHUEM MEMO008 HENUHEUHOU OUHAMUKY, MeopUU
xaoca u @aszosvix mpaekmopuil. Paccmompenvl peanvhvie epemenHble pAObl, KOMOPblE XaApaKmepusyiom
VHOMAHYMblE Gbllle NAPAMEMPLL  INEKMPONPOBOOHOCIU  VKPAUHCKUX EPYHMOE  (CeNbCKOXO3ANUCMEEHHO20
npednasnauenus). Obocroganuem 01 NOOOOHBIX ucciedosanutl aeisiemcs meopema Takenca. Xaomuynocmo
uccnedyemol OUHAMUYECKOU CUCmeMbl, KOMOpAs 3A0GHA 6PEeMEHHbIMU Peanu3ayusami, YCMAHOGIeHd C
nomowppto  noxasamenss Jlanynoea. QOyenka Ycmoudueocmu COCMOAHUS  OYEHUBANACL — (HPAKMATLHOU
pasmeprHocmovio  Xaycoopgpgpa u unoekcom ¢hpakmaneHocmu. Busyanenas oyemka epemenHoco paoa
NPOU3BOOUNACL C NOMOWBIO NPOYEOyPbl 60CCMAHOGIEHUA (PA306bIX mpaekmopuil. B pesynrvmame ananusa
@aszosvix mouex hazoeo20 NPOCMPAHCMEA BbIAGNIEHbI NPUSHAKU PACUWJENTEHHO20 AMMPAKmMopa, Ymo odaem
B03MOHCHOCTG 2080pUMD O €20 bughyprayuu.

IIpumenenue memooos meopuu HEIUHEUHbIX OUHAMUYECKUX CUCNEM K AHANU3Y BDEMEHHbIX D008
basupyemcs na 2unomese 0 803MOICHOCIU ONUCAHUA NOBEOEHUs UCCIe0YeMbIX CUCmeM NOOOOHbIM 00PaA30M,
KpoMe mo2o, 2mo eOUHCMEEeHHAas 00CMYnHas uH@opmayus o cucmeme. B coomeememeuu ¢ xopowto uzgecmmoii
meopemoti Taxenca [I], 00HO20 6pemennoco psaoa enoane OOCMAMOYHO ONsl AOEK8AMHO20 ONUCAHUSA
OUHAMUYECKOU CUCTEMDI.

AHanu3 8pemeHHbIX PsI008 MemoO0ami MmeopuL HeUHEHbIX OUHAMUYECKUX CUCIeM celinac npuodpemaem
wupokoe npumenenue. B coomeemcmeuu ¢ mepmunonocueii 3moi meopuu, npoyecc, KOMopbwlii ONUCHIBACNCS]
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BDEMEHHBIMU PAOAMU, MOJICEm CO0epHcamv 8 cebe 0emepMUHUPOSAHHBIN XA0C U, UHBLIMU COBAMU, CMAEM
xaomuueckum. C mouKu 3peHusi Memooa IUHEUH020 AHAIU3A, MAKUe NPOYECChL AGIAIOMC XAOMUYEeCKUMU.

Henuneunviti ananuz oemoHcmpupyem mo, 4mo makue Hpoyeccsl MONCHO PACCMAMPU8Ams aubo Kax
OdemepMuHUpoBanmvle, OO0 Kaxk adcomomHo cmoxacmuueckue. HHbIMU CI08AMU, MONLKO KPAMKOCPOUHOE
APOSHO3UPOBAHIUE NOBEOCHUSL CUCIEMbL BTISLENCSL BO3MONCHBIM C ONPEOENeHHOU MOYHOCIMbIO.

Kniouegvie crosa: xauecmeennwlii pakmanvbuviil aHAIU3, 00J20CPOUHOCHb, BPEMEHHbIE PAObl, 2PYHIMbL
CeNbCKOXO03AUCMBEHHO20 — NPeOHA3HAYeHUs,  Napamempsl,  1eKmponpo8oOHOCMb,  Memoobl  HelUHelHOU
OUHAMUKYU, MEOPUsL Xaoca, (hazoevle mpaekmopuu, nokazamens JIanynosa, hpakxmanvhas pasmepHoCmb, UHOEKC
@paxmanbrocmu, hazoeoe nPocmMpancmeo, Aammpaxmop, oOugQyprayus ammpakmopa.

Introduction

The system model is constructed by observed variables. In medicine, ecology, sociology
the dynamics of a research object is tracked by time realizations — time series. As a rule, in the
time series analysis the methods giving the quantitative forecast (point or interval) are used.
For the time series, for which the hypothesis of trend existence isn’t confirmed, such methods
aren’t productive.

Application of the nonlinear dynamical system theory methods to the time series
analysis is based on the hypothesis that the available series describes the behavior of the
studied system, and it’s the only available information about this system. According to the
well-known Takens’s theorem [1] a single time series suffices for an adequate description of a
dynamical system as a whole.

The analysis of time series by the methods of nonlinear dynamical system theory is
becoming widely applied. In terminology of this theory the process described by time series
contains the deterministic chaos, or, in other words, is chaotic. From the linear analysis
method point of view they are stochastic processes.

The nonlinear analysis demonstrates that neither can these processes be considered as
deterministic ones, nor are they absolutely random. In other words, only short-term
forecasting of the system condition is possible with certain accuracy.

Today, the chaos theory remains one of the most widespread ways of forecasting and
researching the dynamical system state stability. The purpose of the system stability analysis
is identification of all its stationary states. If at least one of the stationary states is for any
reasons threatening or undesirable, then its existence gives the chance to develop the
preventive measures reducing the probability of the system transition to this state.

One of the most common forms of stability loss is the system state randomization [1].
The mechanisms of system transition to such state are studied insufficiently. However, the
fact that such state is possible requires developing new system research methods. The
research tools of the chaos theory are attractors and fractals. The two prevailing dynamical
system randomness criteria are Lyapunov’s indicator and the fractal dimension.

Related publications survey

In [3] it’s proved that the low information content of statistical indicators results from
the fractal properties intrinsic to the behavior of time series, which empirical distribution
function doesn’t conform with the normal distribution. Therefore for detection of the general
tendency of time series behavior it is offered to use chaos theory methods giving the chance to
carry out the qualitative analysis of the studied time series at the stage of preliminary
analysis. On relation to the dynamics of social and natural systems and processes the chaos
theory not only explains the bifurcation phenomena (big falling or big emissions) but also
claims that they can’t be predicted because the nature isn’t a of the repeating regularities, but
is characterized by local randomness and a global order. For this reason many analysts have
reasonably assumed that the fractal nature of time series will help then to recognize new
regularities in the chaotic movement [4-7].
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The main formal characteristics of chaotic processes in the nonlinear dynamical system
theory are the phase space and the attractor. One of the system chaotic behavior features is
instability of the trajectories belonging to the attractor. Quantitatively this instability is
measured by Lyapunov’s characteristic indicators. Since the existence of the highest positive
Lyapunov’s indicator is the criterion of chaotic dynamics, the possibility of its evaluation on
the basis of processing the given time series is naturally interesting.

Commonly, nonlinear dynamical systems have fractal attractors, this is means that
unstable phase trajectories of the systems tend to become fractals in time [3]. On important
moment of the fractal approach is the influence of the random process prehistory on the
behavior of the system today. Therefore, this method of the analysis of time series is of
particular interest to the researches.

As a rule, in nature real pure fractals don’t exist, and it’s possible to speak only about
the fractal phenomena. They should be considered merely as models which are fractals
approximately in statistical sense. A lot of experimental data have fractal statistics, which can
be analyzed and modeled by means of fractal analysis methods [4, 5].

One of the most popular directions of the fractal analysis is over time studying of the
dynamics of such characteristic as fractal dimension. This indicator characterizes the
repeatability of statistical values of natural time series with changing scale. The fractal
dimension introduced by Hausdorff and D-dimension is the main characteristic of fractal
structures [6, 7].

There are several methods of determining the fractal dimension for time series
considered as a set of observable parameters of the studied dynamical system overtime. We'll
focus on two of them. First of all, it’s the classical way of cellular coverage of the time series
graphic representation in which the fractal dimension is defined the same way as for
geometrical fractals. The second approach for studying fractal time series was offered by
Benoit Mandelbrot. It’s based on the researches of the English scientist Hurst and called the
R/ S - method.

For the majority of real time series it's impossible to determine the fractal dimension
analytically. Therefore, the V' alne D are quantified, for example, through the Hurst index. In
the time series analysis the influence of the present on the future can be expressed by the ratio
C=2*""-118].

If a set of flat geometrical figures (cells) with the general geometrical parameters J is
considered as the time series approximation, then by Hausdorff's definition the D -

dimension is determined by the law S(5)~ 5> as & — 0, where S'(5) is the total area of

the cells with fragmentation scale o .

One of the time series stability indicators is the fractality index u [9-11]. In particular,
the advantage of this index before other fractal indicators is that for computing this index with
an acceptable accuracy data two orders less than for computing the Hurst indicator A index.
It gives the chance to carry out the time series local fractal analysis based on the properties of
the function x(z).

Chaos in dynamical systems implies dynamics™ evolution sensitivity to initial conditions
changes. It means that two trajectories, close to each other in the phase space at some initial
time point, diverge exponentially after rather small then the average time ¢. If d, is the

distance between two starting points at the initial time point, then after time ¢ distance
between the trajectories leaving these points becomes d(t)=d, -exp(2-1-t) or

d =d, -exp(2 A t) in case the system is described by different equations.
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The numbers A and A are called Lyapunov’s indicators. Variable d(f) (d,) can't

increase infinitely because of the system limitation. It gives the opportunity to determine the
measure of trajectory divergence by averaging the exponential growth on trajectory points.
Then Lyapunov’s indicator can be written down as

. (l_lto).iln(M] 0

d(t,,)

It is possible to calculate ﬂ(A) in an explicit form only in some cases, such as, for

instance, the case of one-dimensional displays: X,,, = f(x,). When f(x) is smooth and
differentiable the distance between the neighboring trajectories is measured by the value
| f ’(x)|. In the case of chaos criterion it's enough to calculate the highest Lyapunov’s indicator

only.

The review on Lyapunov’s indicators and their usage as the movement randomness
criterion is given in [2]. Here the references to the existing software products for calculation
of these indicators can also be found.

One of the widespread ways of time series visual evaluation relies on the phase
trajectory restoration procedure. Possibilities of such phase portrait visual analysis are very
limited. However, for identification of complex non periodic time realization the phase
portrait analysis gives sometimes more information than the data spectral analysis. The
advantage of this approach is also that it's applied independently of the fact whether the
research object model is constructed or not. Since it's not always possible to receive a suitable
model in practice, the real way of the system stability analysis is the non model way of the
phase trajectory behavior analysis.

Problem setting

The purpose of this research is the analysis of stability of the electrical conductivity parameter
of agricultural soils by its time realization using the phase trajectory analysis and qualitative
fractal analysis methods.

We determine the fractal dimension for time series by the classical method of cellular
coverage of time series graphic image.

Let the observations of scalar equidistant time series of electrical conductivity
parameter for agricultural soil be considered as (X(¢,))., for the one interval [0,7]. We divide
the interval into m parts by the points 0,7¢,71,79s Ty, T, ~ Where

N

i=1

T,-7.,=0,0= z,(i = E) We denote such uniform partition of the time series (X(¢,))
m

realization interval by o, .

We cover the time series image with rectangles with the base & (scale o). It’s clear,
that the height of the rectangle on the interval lri’rHJ is equal to the variation range, 4,(5) of

the time series values x(z,) on this interval. We calculate the value V' (5)= Z A,(5). Then the
i=1

area of such minimal coverage is S(5)=V(5)-5.
By comparing this equality with Hausdorft's D -dimension definition, in [q] it's proved
that S(6)~5>" and V(5)=5", where u=D,—1. The value D, is called the minimal

coverage dimension, and U is the fractality index.
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When calculating the index u in the present research the sequence of n enclosed
partition @, , where m=2", n=0,1,2,3,4,5,6 was used. Each partition consisted of 2"
intervals containing 2°" observations x(tl.). At the same time, the periods with abnormally
large values x(t,) were excluded from the available realization of the time series (X(z, )),]L
The analyzed time series (X(z,))", and constructed for it minimal coverage corresponding to
n =3 is represented in fig. 1.
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Fig. 1. Minimal cellular coverage for time series characterizing agricultural soil's

electrical conductivity
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For each partition @, the value 7(5) was calculated. The received results of

calculations are given below in Table 1.

Table 1
Value of variable V depending on partition scale 6
n 0 1 2 3 4 5 6
\Y 2352,6 798,8 449.5 4394 434,6 309,9 170
A 1 2 3 4 8 16 32

the regression line equation y =k -x+b was set up. Then, according to [10], u=—k.

At fig. 2 the plot of dependence V(5) in double logarithmic scale is represented. For
determination of the fractality index x from these data by the Ordinary Least Squares method

In our case the regression equation has the form: y =—0,66-x+ 7,41. Therefore, at the
level of reliability a = 0,90 the fractality index of the studied series is ¢ =0,66-x+£0,073.




HPUKIIAJTHI ITNTAHHA MATEMATHYHOI' O MOAEJIIOBAHHA T. 4, Me 2.2, 2021

8

nv
71 N ———"Trend line
6-
5- ~
4-

g F 2 3 4 o
Fig. 2. Dependence of the variable V(§ ) in double logarithmic scale
In the present research the highest Lyapunov's indicator ﬂ,(xl) was estimated by the
method of comparing phase trajectory evolution points. According to this method, the value
/”t(x]) for the trajectory x, =x(t), i =(1,_N) of the discrete time series x,, = f (xl.) was
estimated by the formula:
Ax, )= hm{ )|} )

corresponding to the definition of i(xl) under the condltlon that the limit on the right-hand
side exist Calculation results of the highest Lyapunov's indicator /1(x1) for the time series

given in fig. 1 are represented in Table 1.
The carried-out calculations have demonstrated that for the given time series
Ax,)= 1,18, i.e. A(x,)~ 0 therefore , the trajectory is chaotic.

Table 2
Evaluation of the highest Lyapunov's indicator /”L(xl)

N
N X)) Alx,)
i=1
10 4,013525 0,401353
20 3,092552 0,154628
30 21,13338 0,704446
40 39,99184 1,080860
47 55,486649 1,180567

Often the situation occur when one lacks the observed values for the dynamical
description of an object, that is for setting its state )?(t) There exit several methods for
increasing the number of variables. The time delay method is the simplest and the most
popular one. In case of scalar time series the consecutive values of the series (X (tl.))fi1
separated by some interval 7 (delay period) are used as the components of the state vector
)?(t) Thus, in the phase plane the state S, of the research object is described by the

components {x(z, };x(t, + )} of the time series (X(z, ))fil .
The phase portrait allows to identity the system behavior features important from the

stability point of view. To search for an attractor in the case of two (three) factors a phase
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space is constructed and the position of phase points is analyzed. If they are distributed
uniformly, then the attractor existence hypothesis isn't confirmed.

The phase portraits constructed for the time series shown in Fig.1 are represent in Fig 3.
The value of the time delay 7 is 1 year.

When fig. 3 is closely examined, it's seen that there are two areas of phase points
thickening. They can be considered as the split attractor.

In other words, attractor bifurcation takes place. Usually it's connected with appearance
in the system of such state changes which can be interpreted as spasmodic or close to them. In
the electrical conductivity of agricultural soils data analysis the attractor bifurcation entails
sudden crisis change of system condition with high probability.

it/
270

240
210

180 7

50 /
120 \g
90 A -
60 Pr
30 7

A= T T T T T T T T T 1+)
0 60 W 120 B0 180 210 240 270 AV
Fig. 3. Phase portraits of the time series

Conclusion

The value of the highest characteristic Lyapunov’s indicator A(x,)~ 1,18 demonstrates
randomness in dynamics of the studied indicator.

The computed value of the fractality index, which is the stability indicator for the initial
time series ,is ¢ =0,66-x10,073, i.e.>0,5 This value is interpreted as flat ,which
indicates the condition of relative stability for the studied process. In other words, extreme
changes in the electrical conductivity parameters of agricultural soils aren’t predicted in the
nearest future.

The evaluation of the correlation ratio is C =—0,88. It implies almost complete absence
of influence of the present on the future in the studied time series, which also confirms the
series trendlessness hypothesis .

The analysis of the phase portraits of time series, in particular detection of the attractor
bifurcation, gives reason to speak about a possible spike or spasmodic change of the electrical
conductivity parameters of agricultural soils.
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